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RCT as the “gold-standard” for marginal counterfactual inference

Goal: Assess effectiveness of medication X ∈ {0, 1} on symptoms Y := (Y1, . . . ,Yp).

X Y

Randomized Control Trial (RCT)

• Observe treatment units {Y (i)(1)}n1
i=1 and control units {Y (i)(0)}n1+n0

i=n1+1.

• Potential outcomes satisfy Y (i)(x) ∼ PY |X=x

ATE = E[Y (1)]− E[Y (0)] =⇒ ÂTE =
1
n1

n1∑
i=1

Y (i)(1)−
1
n0

n0∑
i=n1+1

Y (i)(0)
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When is the “gold-standard” not enough?

Goal: Quantify possible treatment harms

Treatment Harm Rate (THR)3 := P(Y (1) ≺ Y (0)) = P
(
{Y1(1) ≺ Y1(0)} ∩ {Y2(1)−Y2(0)}

)
Issue: Only observe Y (i)(0) or Y (i)(1) for each unit - cannot estimate THR from data!

3Shen et al. (2013). Treatment Benefit and Treatment Harm Rate to Characterize Heterogeneity in Treatment
Effect, Biometrics.
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The Need for Counterfactual Couplings

Underlying issue: need coupling PY (1),Y (0) to estimate PY (1)−Y (0)

THR :=

∫∫
1
{

y1 − y0 ≤ 0
}

dPY (1),Y (0)(y1, y0)

Other Examples
• Median Treatment Effect (MTE)4: Med(Y (1)− Y (0))

• Conditional Value at Risk (CVar)5: E[Y (1)− Y (0)|Y (1)− Y (0) ≤ qα]

• Treatment Benefit Rate (TBR)6: P(Y (1) ≻ Y (0))

4Lee, M.J. (2000). Median Treatment Effect in Randomized Trials, JRSSB-B.
5Kallus, N. (2023). Treatment effect risk: Bounds and inference, Management Science.
6Shen et al. (2013). Treatment Benefit and Treatment Harm Rate to Characterize Heterogeneity in Treatment

Effect, Biometrics.
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Counterfactual Couplings: Identification Challenge

• Infinitely many admissible couplings π ∈ Π(PY (1),PY (0))

• Can never observe joint samples (Y (1),Y (0))

Existing Approaches
• Structural Causal Models (SCMs)

• Optimal Transport Methods (OT)
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Limitations of Existing Methods



Structural Causal Models7

X Y

ξ

Structural Causal Model (SCM): Y = f (X , ξ), ξ ∼ Pξ, ξ⊥⊥X

Counterfactuals: Y (x) = f (x , ξ) =⇒ induced coupling: (Y (1),Y (0)) = (f1(ξ), f0(ξ))

. . . how to identify (f ,Pξ) from data?

7Spirtes et al. (2000), Pearl et al. (2009), Bongers et al. (2021).
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Structural Causal Model Non-Identifiability

Transport Problem : find (f ,Pξ) such that (fx )# : Pξ 7→ PY |X=x (i.e. fx (ξ) ∼ PY |X=x )

Issue: Can find f (1), f (2) such that f (1)x (ξ) =d f (2)x (ξ) ∼ PY |X=x for each x but:(
f (1)1 (ξ), f (1)0 (ξ)

)
̸=d

(
f (2)1 (ξ), f (2)0 (ξ)

)

Example:

ξ ∼ N (0, 1)

f (1)(x , ξ) = βx + ξ

f (2)(x , ξ) = βx + (2x − 1)ξ

Couplings don’t agree! (ξ, 1 + ξ) ̸=d (ξ, 1 − ξ)
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Identifiability via Bijective Causal Models (BCMs)

X Y1 Y2 Y3

ξ1 ξ2 ξ3

Causal Ordering: Y1 ≺ Y2 ≺ · · · ≺ Yp =⇒ Acyclic-SCM: Yj = fj (X ,Y<j , ξj ) ∀j

Conditions for Identifiability8

• Each fj is bijective on ξj

• PY |X=x and Pξ are abs. continuous on Rd

⇒ fx : E → Y is triangular, monotone, increasing

Can augment model with measured causes Z (age, gender, gene expression...)

8Bogachev, V.I. et al. (2005) "Triangular transformations of measures", Sbornik: Mathematics.
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How to model BCMs?

Popular Approach9: Fix ‘base’ distribution Pξ and learn diffeomorphisms (fx )x∈X

y(x) = f (L)x ◦ f (L−1)
x ◦ · · · ◦ f (1)x (ξ) =⇒ log p(y |x) = log pξ(f

−1
x (y)) + log |∇y f−1

x (y)|

Autoregressive Normalizing Flows: Respect causal ordering when stacked!

ξ1

ξ2

ξ3

y1

y2

y3

Model Autoregressive transform fj (v<j , ξj )

NICE (Additve) ξj + µj (v<j )

MAF (Affine) ξj 7→ exp
(
λj (v<j )

)
ξj + µj (v<j )

NAF (INN) ξj 7→ σ−1(w(v<j ) · σ(σj (v<j )ξj + µj (v<j )))

NSF (Spline) ξj 7→ vj 1vj /∈[−B,B]+Mj (ξj ; v<j )1vj∈[−B,B]

9Khemekhem et al. AISTATS’21, Nasr-Esfahany et al. ICML’22, Javaloy et al. NeurIPS’24, Zhou et al. AAAI’25
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Tail Mis-Specification Problems

• If tail decay of Pξ doesn’t match PY |X=x , no bi-lipschitz transport fx exists!10

• Heavy tailed PY |X=x , Gaussian P̂ξ = undefined likelihood:

|E log p̂(Y (x))| ⪰ E∥f−1
x (Y (x))∥2 = ∞

Example : Y = (X + 1)ξ , X ∼ Bern(1/2), ξ ∼ 1
2 |N (0, 1)| − 1

2 |NBP(0.1, 0.1)

10Jaini et al. ICML’20, Liang et al. ICML’22
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Support Mis-Specification Problems

• Need diffeomorphic supp(P̂ξ) and supp(PY |X=x ) for existence of fx ∈ F

• Likelihood non-identifiability if supp
(
(f−1

x )#(PY |X=x )
)
̸⊃ supp(P̂ξ):

E log p̂f (Y (x)) =
∫ (

log p̂ξ(f
−1
x (y)) + log |∇y f−1

x (y)|
)
PY |X=x (dy)

Example : Y = (X + 1)ξ , X ∼ Bern(1/2), ξ ∼ Rad(1/2)



Support Mis-Specification Problems

• Need diffeomorphic supp(P̂ξ) and supp(PY |X=x ) for existence of fx ∈ F

• Likelihood non-identifiability if supp
(
(f−1

x )#(PY |X=x )
)
̸⊃ supp(P̂ξ):

E log p̂f (Y (x)) =
∫ (

log p̂ξ(f
−1
x (y)) + log |∇y f−1

x (y)|
)
PY |X=x (dy)

Example : Y = (X + 1)ξ , X ∼ Bern(1/2), ξ ∼ Rad(1/2)



Support Mis-Specification Problems

• Need diffeomorphic supp(P̂ξ) and supp(PY |X=x ) for existence of fx ∈ F

• Likelihood non-identifiability if supp
(
(f−1

x )#(PY |X=x )
)
̸⊃ supp(P̂ξ):

E log p̂f (Y (x)) =
∫ (

log p̂ξ(f
−1
x (y)) + log |∇y f−1

x (y)|
)
PY |X=x (dy)

Example : Y = (X + 1)ξ , X ∼ Bern(1/2), ξ ∼ Rad(1/2)



Optimal Transport Methods: An Alternative

Idea: Choose coupling between Y (1),Y (0) using optimal-transport:

π∗ = arg min
π∈Π(PY (1),PY (0))

∫∫
c(y(1), y(0))dπ(y(1), y(0))

Motivations:
• Conservativism1

• Counterfactual Similarity2

• Optimal Matching3

Deterministic coupling restriction: Y (1) = T1,0(Y (0))

Brenier Maps T∗
1,0 = argminT#PY (0)=PY (1)

∫
∥y(0)− T1,0(y(0))∥2dPY (0)

Guarantees identifiability of T1,0 between abs. continuous distributions!

1Balakrishnan et al. (2025) "Conservative inference for counterfactuals." Journal of Causal Inference.
2De Lara et al. (2024) "Transport-based Counterfactual Models" JMLR.
3Charpentier et al (2023) "Optimal transport for counterfactual estimation: A method for causal inference.",

Optimal transport statistics for economics and related topics.
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Example:11

10De Lara, L., Gonzales-Sans,A., Asher,N., Risser, L., Loubes, J.M. (2024) "Transport-based Counterfactual
Models" JMLR.



Incoherence of Transports Under Multiple treatments

Issue: If x ∈ {0, 1, 2} and Y multivariate, OT maps not closed under composition!

T2,1 ◦ T1,0 ̸= T2,0

Logical Impossibility:

Y (2) = T2,1 ◦ T1,0(Y (0)) ̸= T2,0(Y (0)) = T2,0 ◦ T0,2(Y (2)) = Y (2)



Example: Gaussian Transport

Three Multivariate Gaussians:

P0 = N (µ0,Σ0), P1 = N (µ1,Σ1), P2 = N (µ2,Σ2)

Brenier (OT) Map:

Tx,x′ (y) = µx′ +Σ
−1/2
x

(
Σ

1/2
x Σx′Σ

1/2
x

)1/2
Σ

−1/2
x (y − µx )

Illustration: Draw Y (0) ∼ P0 and impute Y (1),Y (2)

• Direct: Y (1) = T1,0(Y (0)) , Y (2) = T2,0(Y (0))

• Indirect: Y (1) = T1,0(Y (0)) , Y (2) = T2,1 ◦ T1,0(Y (0))
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Selecting Transport Subsets Induces Coupling Non-Identifiability
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Transport-based Models with Cocycles



Goals

Modeling and Estimation Framework for counterfactual couplings that:

• Guarantees Coherence

• Avoids Latent Noise Assumptions



Formal Set-up

Treatment X ∈ R, Outcomes Y := (Y1, . . . ,Yp) ∈ Rp

X Y

Counterfactuals: There exist ‘potential outcomes’ {Y (x)}x∈X satisfying

• Consistency: X = x =⇒ Y (x) = Y

• Exchangeability: Y (x)⊥⊥X

=⇒ Y (x) ∼ PY |X=x

Transport-based model:

Y (x) = Tx,x′ (Y (x ′)), ∀x , x ′ ∈ X (CC)
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Necessary Algebraic Properties

Y (x) = Tx,x′ (Y (x ′)), ∀x , x ′ ∈ X (CC)

1. Distribution Adaptedness: For each x , x ′ ∈ X,

(Tx′,x )#PY |X=x = PY |X=x′ (DA)

2. Identity: For each x ∈ X:

Tx,x (y) = y , ∀y ∈ Yx (ID)

3. Path Independence: For each x , x ′, x ′′ ∈ X:

Tx′′,x′ ◦ Tx′,x (y) = Tx′′,x (y), ∀y ∈ Yx (PI)

ID + PI = properties of a cocycle!
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Tx′′,x′ ◦ Tx′,x (y) = Tx′′,x (y), ∀y ∈ Yx (PI)

ID + PI = properties of a cocycle!
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Importance of Path Independence



Sufficiency of Cocycle Properties for Admissible Transports

Are (DA) + (ID) + (PI) sufficient to enforce Y (x) = Tx,x′ (Y (x ′))? not quite!

But, they do guarantee the existence of some counterfactuals {Ỹ (x)}x∈X :

Ỹ (x) =a.s. Tx,x′
(
Ỹ (x ′)

)
for every x , x ′ ∈ X

...how to enforce (ID) + (PI) + (DA) uniquely?
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Structure of Counterfactual Cocycles

Theorem 1 (Cocycle Factorization)

Every cocycle T satisfying (ID), (PI), and (DA) w.r.t. PY |X can be represented as:

Tx,x′ = fx ◦ f+x′ , PY |X=x′ -a.s.

Where fx : Y0 → Y is injective with left-inverse f+x

Proof Sketch
• Choose arbitrary x0 ∈ X
• Define fx := Tx,x0 , f+x = Tx0,x

fx ◦ f+x′ = Tx,x0 ◦ Tx0,x = Tx,x′︸ ︷︷ ︸
PI

Implication: Can construct classes of cocycles via parameterized bijections!

F ⊆
{

f : X× Y → Y
∣∣ fx := f (x , •) bijective ∀x ∈ X

}
Examples: Normalizing flows, invertible NNs...
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Can we use OT maps to construct a cocycle?

• Set fx := T (OT )
x,x0

and f+x := T (OT )
x0,x

• Since OT maps are invertible: f+x ◦ fx = id =⇒ Left inverse!

Since OT maps already satisfy (DA) + (NI) wrt. PY |X ...

T̂x,x′ = T (OT )
x,x0

◦ T (OT )
x0,x′ =⇒ {T̂x,x′}x,x′∈X satisfies (DA) +(ID) + (PI) wrt PY |X

Problem: Construction depends on x0!

• Direct: x0 = 0

Tx,x′ = T (OT )
x,0 ◦ T (OT )

0,x′

• Indirect: x0 = 1

Tx,x′ = T (OT )
x,1 ◦ T (OT )

1,x′
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Identifiability of Counterfactual Cocycles

Some Preliminaries
• If fx : Y → Y is exactly invertible, fx ∈ G (transformation group on Y)

• Transformation group G means f1, f2 ∈ G then f1 ◦ f2 ∈ G and f−1
1 , f−1

2 ∈ G
• We call f : (x , y) 7→ fx (y) a G-valued coboundary map.

• FG is the set of all G-valued coboundary maps

{f : X× Y → Y | f (x , •) := fx ∈ G}

• We call T (f )
x,x′ = fx ◦ f+x′ a G-valued cocycle

• Let (P)
∣∣
G be the set of transformations in G that leave P invariant.

Theorem 2 (Identifiability of Counterfactual Cocycle)

Fix x0 ∈ X, and let T be a PY |X -adapted, G-valued cocycle with coboundary map f .

T is identifiable in FG ⇔ (PY |X=x0
)|G ⊆ [id]PY |X=x0

Smaller G =⇒ better for identifiability, worse for flexibility...
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Practical Identifiability of Counterfactual Cocycles

Under known causal ordering of outcomes

Y1 ≺ Y2 ≺ · · · ≺ Yp

...natural to constrain Tx,x′ to be lower triangular:

fx (y) =
(
fx,1(y1), . . . , fx,p(y1, . . . , yp)

)

Y1(0)

Y1(0)

Y1(0)

Y1(1)

Y2(1)

Y3(1)

T1,0

Enforcing conditional rank preservation leads to fx ∈ GTMI !

Theorem 3 (Identifiability under TMI maps)

T is a PY |X -adapted, GTMI-valued cocycle =⇒ T is identifiable in FGTMI .

• Can use autoregressive flows!

• Wait...isn’t this just a flow-based
BCM?

Model Autoregressive transform fj (v<j , ξj )

NICE (Additve) ξj + µj (v<j )

MAF (Affine) ξj 7→ exp
(
λj (v<j )

)
ξj + µj (v<j )

NAF (INN) ξj 7→ σ−1(w(v<j ) · σ(σj (v<j )ξj + µj (v<j )))

NSF (Spline) ξj 7→ vj 1vj /∈[−B,B]+Mj (ξj ; v<j )1vj∈[−B,B]
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Connection to SCMs

Theorem 4 (Cocycle Equivalence to Structural Model)

{Y (x)}x∈X satisfies Exchangeability, Consistency and

Y (x) = Tx,x′ (Y (x ′)) ∀x , x ′ ∈ X

if and only if Y = f (X , ξ), ξ⊥⊥X .

Proof Sketch ( =⇒ )

• Setting fx := Tx,x0 from before gives:

Y (x) = fx ◦ f+x0
(Y (x0)) = fx (Y (x0)) =: fx (ξ)

• Exchangeability means Y (x0)⊥⊥X =⇒ ξ⊥⊥X

• Consistency means Y (x) = fx (ξ) =⇒ Y = f (X , ξ)

Under TMI cocycle restriction, we recover Acyclic BCM Yj = fj (Y<j ,X , ξj ) again!
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Our Idea: Center everything around the cocycle

Aim: Do all estimation and inference without ever referencing or specifying Pξ

1. Directly target Tx,x′ between conditionals:

ℓ(T ) = Ex,x′D(PY |X=x , (Tx,x′ )#PY |X=x′ )2

2. Use T to impute counterfactuals:

Y (i)(x) = Tx,X (i) (Y (i))

... and empirically estimate quantities:

T̂HR =
1
n

n∑
i=1

1(Y (i)(1) ≺ Y (i)(0))
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Benefits of Counterfactual Cocycle Modelling



Noise Invariance and Model Mis-Specification

(f̂x )# : P̂ξ 7→ PY |X=x , (Tx,x′ )# = (fx ◦ f+x′ )# : PY |X=x′ 7→ PY |X=x

RCT case: x ∈ {0, 1}
• Consider class of functions F for (fx )∈{0,1}

• Let P1(F),P0(F) = distributions reachable by pushing PY |1,PY |0 through each
f+ ∈ F+

PY |1 PY |0

P̂ξ

P∗
ξ

• (F , P̂ξ) well-specified for (f ,Pξ) if

P̂ξ ∈ P1(F) ∩ P0(F)

• F well specified for T if

∃ P∗
ξ ∈ P1(F) ∩ P0(F)

Invariance: Changing true Pξ doesn’t change P1(F) ∩ P0(F) ̸= ∅!

Ỹ (x) = fx (ξ̃) =⇒ Ỹ (x) = fx ◦ f+x′ (Ỹ (x ′))
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f+ ∈ F+

PY |1 PY |0

P̂ξ

P∗
ξ

• (F , P̂ξ) well-specified for (f ,Pξ) if

P̂ξ ∈ P1(F) ∩ P0(F)

• F well specified for T if

∃ P∗
ξ ∈ P1(F) ∩ P0(F)

Invariance: Changing true Pξ doesn’t change P1(F) ∩ P0(F) ̸= ∅!

Ỹ (x) = fx (ξ̃) =⇒ Ỹ (x) = fx ◦ f+x′ (Ỹ (x ′))
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Invariance Example

PY |1 PY |0

N (0, I)
PY |1 PY |0



Noise Invariance and Minimal Complexity

Can reparameterize SCM using any bijection g ∈ Aut(E):

Y = f (X , ξ) = f (X , g ◦ g−1(ξ) = f (g)(X , ξ(g))

Cocycle Invariant to Reparameterization:

T (g)
x,x′ = f (g)x ◦ f (g)x′ = fx ◦���g ◦ g−1 ◦ f+x′ = Tx,x′

Implication: Can use any member of f (g) to construct cocycle!

=⇒ can choose f⋆ ∈ argmin
f

Complexity(f ) s.t. f ∈ (f (g))g∈Aut(E)

PY |1 PY |0

P0(F)P1(F) P⋆
ξ



Noise Invariance and Minimal Complexity

Can reparameterize SCM using any bijection g ∈ Aut(E):

Y = f (X , ξ) = f (X , g ◦ g−1(ξ) = f (g)(X , ξ(g))

Cocycle Invariant to Reparameterization:

T (g)
x,x′ = f (g)x ◦ f (g)x′ = fx ◦���g ◦ g−1 ◦ f+x′ = Tx,x′

Implication: Can use any member of f (g) to construct cocycle!

=⇒ can choose f⋆ ∈ argmin
f

Complexity(f ) s.t. f ∈ (f (g))g∈Aut(E)

PY |1 PY |0

P0(F)P1(F) P⋆
ξ



Noise Invariance and Minimal Complexity

Can reparameterize SCM using any bijection g ∈ Aut(E):

Y = f (X , ξ) = f (X , g ◦ g−1(ξ) = f (g)(X , ξ(g))

Cocycle Invariant to Reparameterization:

T (g)
x,x′ = f (g)x ◦ f (g)x′ = fx ◦���g ◦ g−1 ◦ f+x′ = Tx,x′

Implication: Can use any member of f (g) to construct cocycle!

=⇒ can choose f⋆ ∈ argmin
f

Complexity(f ) s.t. f ∈ (f (g))g∈Aut(E)

PY |1 PY |0

P0(F)P1(F) P⋆
ξ



Noise Invariance and Minimal Complexity

Can reparameterize SCM using any bijection g ∈ Aut(E):

Y = f (X , ξ) = f (X , g ◦ g−1(ξ) = f (g)(X , ξ(g))

Cocycle Invariant to Reparameterization:

T (g)
x,x′ = f (g)x ◦ f (g)x′ = fx ◦���g ◦ g−1 ◦ f+x′ = Tx,x′

Implication: Can use any member of f (g) to construct cocycle!

=⇒ can choose f⋆ ∈ argmin
f

Complexity(f ) s.t. f ∈ (f (g))g∈Aut(E)

PY |1 PY |0

P0(F)P1(F) P⋆
ξ



What is the optimal base distribution?

Recall f0, f1 ∈ G =⇒ T is G-valued cocycle

Define smallest transformation group containing (f0, f1) : Gf := ⟨f0, f1⟩

Size of Gf : can depend on parameterization (f (g)1 , f (g)0 ) = (f (1) ◦ g, f (0) ◦ g)

Theorem 5 (Minimal Complexity Cocycle)

Take (f⋆1 , f
⋆
0 ) = (T1,0, id). Then:

(i) Gf⋆ ⊆ Gf⋆◦g and (ii) Gf⋆ ̸⊇ Gf⋆◦g whenever g /∈ Gf⋆

=⇒ PY |0 is an optimal base distribution!

Example: Y (x) = fx (ξ) = x + ξ

• Since Pξ = PY |0:

f⋆x = fx ∈ G = (R,+)

• Any P̂ξ not a shift of PY |0 will need

f̂x ∈ Ĝ ̸⊆ (R,+)

PY |1 PY |0

P(FGf⋆
)
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Robustness to Error Dependence

Counterfactual cocycles do not assume
independent errors! X Y1 Y2 Y3

ξ1 ξ2 ξ3

N (1, 11T ) N (0, 11T )

N (0, I)

Example: Single latent cause
• Y = 1X + ξ, ξ ∼ N (0, 11T )

• If choosing P̂ξ = N (0, I),
then even

F = {f : Y → Y is bijective}

... is mis-specified for f0, f1...



Cocycle Estimation



Estimating cocycles by minimising a distributional distance

Disrecpancy in (DA):

ℓ̃(T ) = EX ,X ′∼PX
D(PY |X=X , (TX ,X ′ )#PY |X=X ′ )2

Issues:

1. Can’t generally compute D in closed form since PY |X is unknown

2. No obvious empirical analogue ℓ̃n(T ) →p ℓ̃(T ).

MMD Example: ℓ̃(T ) = E∥E[ψ(Y )|X ]− E[ψ(TX ,X (Y ′)|X ,X ′]∥2
Hk

... would need to learn conditional expectations E[ψ(Y )|X ], E[ψ(TX ,X (Y ′)|X ,X ′]...
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A second attempt at the estimation objective

Idea: move expectation over X ′ inside the metric

ℓ(T ) = EX∼PX D(PY |X=X ,EX ′∼PX
[(TX ,X ′ )#PY |X=X ′ ])2

PY |x1
PY |x3

PY |x2

• •

•

P̂Y |x0,1 P̂Y |x0,3

P̂Y |x0,2

•
•

•
•PY |x0P̂Y |x0

•

Tx0,x1

Tx0,x2

Tx0,x3

ℓ(T )

• We prove argminT ℓ(T ) = argminT ℓ̃(T ) in the well-specified setting!

• ℓ(T ) can be estimated with simple empirical averages when D = MMD!
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Cocycle Conditional Maximum Mean Discrepancy (CMMD)

CMMD: Take D = as Maximum Mean Discrepancy:

ℓ(T ) = E
∥∥ψ(Y )− E[ψ(TX ,X ′ (Y ′)|X ]

∥∥2
H + constant

Empirical analogue V-statistic :

ℓn(T ) =
1
n

∑n

i

∥∥∥∥ψ(Y (i))−
1
n

∑n

j
ψ(TX (i),X (j) (Y (j)))

∥∥∥∥2

H

Theoretical properties
1. Under bounded, characteristic kernel k : ℓn(T ) →a.s. ℓ(T )

2. Under continuous+compact+identifiable T : T̂n →a.s. T

3. Under regularity conditions on derivatives:
√

n consistency of parameterization θ

4. Unbiased minibatch-SGD with U-statistic

In context of BCM Y = f (X , ξ), consistency of T̂ does not depend on properties of ξ!
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Extension to Larger Systems and Confounding

Current RCT setting implies:

Y = f (X , ξ), X⊥⊥ξ, f (X , •) injective

Limitations
• Injectivity will break if too many independent causes ξ1, . . . , ξm

• Independence will break under confounding

Extension: Assume set of measured causes Z of outcomes that satisfy:

Z ≺ X ≺ Y

Idea: Do everything on counterfactuals {Y (x , z)}(x,z)∈X×Z that relate to Y (x) via
nested consistency property: Y (x) := Y (x ,Z ).

Y (x) = T(x,Z ),(x′,Z )(Y (x ′))
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Experiments



Demonstration on the Toy Example



Noise Ablation vs flow-based SCMs

Y = X + ξ



Noise Ablation vs flow-based SCMs

Y = X + ξ



Confounding + Non-Additivity Ablation vs OT



Performance on SCM Benchmarks



Counterfactual quantile effects on a real dataset

Quantile treatment effect: QTE(τ) = QY (1) (τ)− QY (0) (τ)

Effect of Treatment on Quantile: ETQ(τ) = E[Y (1) − Y (0)|Y (0) = QY (0) (τ)]

ETQ QTE

Example difference between ETQ,QTE ETQ of e401k pension plans on NF.assets



Summary

1. Counterfactual Cocycles as framework for Admissible counterfactual transports

2. Every counterfactual cocycle can be represented via left-invertible functions

3. Equivalent to injective SCMs, but cocycle is noise invariant + minimally complex

4. Robust cocycle estimator with consistency guarantees independent of true noise

5. Flexible parameterizations using flow-based toolkit

6. State-of-the-art performance on various benchmarks



Future Directions

1. Causal discovery?12

2. More general forms of confounding?

3. Non-iid settings?

4. Stochastic cocycles?

5. Efficiency theory?

12Xi, J., Dance, H., Orbanz, P. & Bloem-Reddy, B. ‘Distinguishing Cause From Effect with Causal Velocity Models’
(ICML25).



Thank you!

Paper Link: This Version (soon to be on arXiv)

Github Repo: hwdance/Cocycles

To contact: hugh.dance.15@ucl.ac.uk, benbr@stat.ubc.ca

https://hwdance.github.io/files/CounterfactualCocycles.pdf
https://arxiv.org/abs/2405.13844
https://github.com/hwdance/Cocycles


Appendix
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T1,0 = f1 ◦ f+0
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